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PST and PHFAbstract The transient natural convection in a vertical channel filled with nanofluids has been
studied when thermal radiation is taken into consideration. The equations governing the flow are
solved by employing the Laplace transform technique. Exact solutions for the velocity and temper-
ature of nanofluid are obtained in cases of both prescribed surface temperature (PST) and pre-
scribed heat flux (PHF). The numerical results for the velocity and temperature of nanofluid are
presented graphically for the pertinent parameters and discussed in detail. The fluid velocity is
greater in the case of PST than that of PHF.
 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Nanoparticle research is currently an area of intense scientific
interest due to a wide variety of potential applications in
biomedical, optical and electronic field. Nanotechnology has
received extensive attention in recent years due to enormous
applications in engineering, food and industrial, transporta-
tion, electronics, biomedicine, nuclear rectors, automobiles,
drug delivery and biological sensors. Nanofluids are engi-
neered by suspending nanoparticles with average sizes
1–100 nm. Nano-fluids is a term first introduced by Choi [1]and refers to a new class of heat transfer fluids with superior
thermal properties. The mixture of the base fluid and nanopar-
ticles having unique physical and chemical properties is
referred to as a nanofluid. It is expected that the presence of
the nanoparticles in the nanofluid enhances the thermal con-
ductivity and therefore substantially enhances the heat transfer
characteristics of the nanofluid. Nanofluids can be defined as
the dilution of nanometer-sized particles (smaller than
100 nm) in a fluid [2], and nanofluids can be produced by dis-
persed evenly nanoparticles in a base fluid, such as water, ethy-
lene glycol and oil [3]. The nanofluids usually contain the
nanoparticles such as metals, oxides, carbides or carbon nan-
otubes, whereby these nanoparticles have unique chemical
and physical properties [4]. Recently, there is a great progress
in a new generation of magneto-nanofluids which provide very
desirable features in materials processing, energy applications
and also medical engineering. Many engineering processes
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heat transfer plays significant role in the design of equipment.
Nuclear power plants, gas turbines and various propulsion
devices for aircraft, missiles, satellites and space vehicles are
examples of such engineering processes.
Convective flows in vertical channels are significant in the
improvement of cooling systems in heat exchangers, solar cells,
nuclear reactors, and many other electrical and industrial
appliances. Mainly affected by the buoyancy forces, such flows
are largely studied as means to facilitate the thermal perfor-
mance in several industrial processes. Low thermal conductiv-
ity of common fluids such as water and oil has proven to be a
big hurdle in the use of such fluids as facilitators of heat trans-
fer. This fact has persuaded engineers to design fluids with
enhanced thermal conductivity and prevent the energy loss.
There are many studies of nanofluids in different geometries.
In contrary, the number of studies on natural and mixed con-
vection of nanofluids in vertical or horizontal channels is lim-
ited. Grosan and Pop [5] have presented the fully developed
mixed convection in a vertical channel filled by a nanofluid.
Sacheti et al. [6] have studied the transient free convective flow
of a nanofluid in a vertical channel. Maghrebi et al. [7] have
presented the forced convection heat transfer of nanofluids
in a porous channel. Motsumi and Makinde [8] have examined
the effects of thermal radiation and viscous dissipation on
boundary layer flow of nanofluids over a permeable moving
flat plate. The natural convective heat transfer in square cavity
by utilizing nanofluids in the presence of magnetic field and
uniform heat generation/absorption has been presented by
Teamah and El-Maghlany [9]. Rossi di Schio [10] have exam-
ined the effect of Brownian diffusion and thermophoresis on
the laminar forced convection of a nanofluid in a channel.
Xu et al. [11] have analyzed the mixed convection flow of a
nanofluid in a vertical channel. Nandeppanavar et al. [12] have
studied the MHD flow and heat transfer over a stretching sur-
face with variable thermal conductivity and partial slip. Fak-
our et al. [13] have described the mixed convection flow of a
nanofluid in a vertical channel. Nield and Kuznetsov [14] have
investigated the forced convection in a parallel-plate channel
occupied by a nanofluid. The nanofluid flow over an unsteady
stretching surface in the presence of thermal radiation has been
studied by Das et al. [15]. Das and Jana [16] have presented theNanofluid
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Figure 1 Geometry of the problem.natural convective magnetonanofluid flow and radiative heat
transfer past a moving vertical plate. Pourmehran et al. [17]
have made an analytical investigation of squeezing unsteady
nanofluid flow between parallel plates.
The aim of our present paper was to examine the effects
of thermal radiation on an unsteady natural convective flow
of a viscous incompressible nanofluid in a vertical channel.
Assume that the flow is laminar and the fluid is gray absorb-
ing–emitting radiation but no scattering medium. Closed
form solutions of the initial and boundary value problems
that govern the flow are obtained for two different types of
boundary heating, namely, the prescribed surface temperature
(PST) case and the prescribed heat flux (PHF) case. The
results for the fluid velocity and temperature profiles are pre-
sented graphically and discussed for the pertinent flow
parameters.
2. Formulation of the problem and its solution
Consider the unsteady flow of an electrically conducting
nanofluid bounded by two infinitely long vertical parallel
plates separated by a distance h. Choose a Cartesian co-
ordinates system such that the x-axis along the direction of
the flow vertically upward and y-axis perpendicular to the
channel plates as shown in Fig. 1. Initially, at time t ¼ 0, the
channel plates and the fluid are assumed to be at the same
temperature Th and stationary. At time t > 0, the channel plate
at y ¼ 0 moves with the velocity ku0 and the temperature of the
plate at y ¼ 0 is raised or lowered to T0 (for PST case) and the
rate of heat transfer at the plate (y ¼ 0) is constant (for UHF
case). It is assumed that the flow is entirely driven by the
motion of the channel plate y ¼ 0 as well as thermal buoyancy
force. It is also assumed that the radiative heat flux in the
x-direction is negligible as compared to that in the
y-direction. The fluid density is assumed to be linearly
dependent on the temperature buoyancy force in the equations
of motion. As the channel plates are infinitely long, the velocity
and temperature fields are functions of y and t only. The fluid
is a water based nanofluid containing three nanoparticles,
copper (Cu), aluminum oxide (Al2O3) and titanium
dioxide (TiO2). The nanoparticles are assumed to have a
uniform shape and size. Moreover, it is assumed that both
the base fluid and nanoparticles are in thermal equilibrium
state. The thermophysical properties of the nanofluid are given
in Table 1.
The unsteady natural convective flow of a radiating fluid,
under usual Boussinesq approximation, is governed by the fol-
lowing equations
qnf
@u
@t
¼ lnf
@2u
@y2
þ gðqbÞnfðT ThÞ; ð1Þ
ðqcpÞnf
@T
@t
¼ knf @
2T
@y2
 @qr
@y
; ð2Þ
where u is the velocity along the x-directions, T the
temperature of the nanofluid, lnf the dynamic viscosity of
the nanofluid, bnf the thermal expansion coefficient of the
nanofluid, qnf the density of the nanofluid, knf the thermal
conductivity of the nanofluid, qr the radiative heat flux
and ðqcpÞnf the heat capacitance of the nanofluid which
are given by
Table 1 Thermo physical properties of water and nanoparticles [19].
Physical properties Water/base fluid Cu (copper) Ag (silver) Al2O3 (alumina) TiO2 (titanium oxide)
q ðkg=m3Þ 997.1 8933 10,500 3970 4250
cp ðJ=kg KÞ 4179 385 235 765 686.2
k ðW=m KÞ 0.613 401 429 40 8.9538
b 105 ðK1Þ 21 1.67 1.89 0.85 0.90
/ 0.0 0.05 0.1 0.15 0.2
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lf
ð1/Þ2:5 ; qnf¼ð1/Þqfþ/qs;
ðqcpÞnf¼ð1/ÞðqcpÞfþ/ðqcpÞs; ðqbÞnf ¼ð1/ÞðqbÞfþ/ðqbÞs; ð3Þ
where / is the solid volume fraction of the nanoparticle, qf the
density of the base fluid, qs the density of the nanoparticle, lf
the viscosity of the base fluid, ðqcpÞf the heat capacitance of the
base fluid and ðqcpÞs the heat capacitance of the nanoparticle.
Expressions (3) are restricted to spherical nanoparticles. The
effective thermal conductivity of the nanofluid followed by
Kakac and Pramuanjaroenkij [18], and Oztop and Abu-
Nada [19] is given by
knf ¼ kf ks þ 2kf  2/ðkf  ksÞ
ks þ 2kf þ /ðkf  ksÞ
 
; ð4Þ
where kf is the thermal conductivity of the base fluid and ks the
thermal conductivity of the nanoparticle. In Eqs. (1)–(4), the
subscripts nf; f and s denote the thermophysical properties of
the nanofluid, base fluid and nanoparticles, respectively.
The initial and boundary conditions are
t¼ 0 : u¼ 0; T¼Th for all 0< y< h;
t> 0 : u¼ ku0; T¼T0 ðPSTÞ; knf @T
@y
¼qw ðPHFÞ at y¼ 0; ð5Þ
t> 0 : u¼ 0; T¼Th at y¼ h;
where qw is the constant heat flux per unit area at the plate
y ¼ 0 and k denotes the direction of motion of the channel
plate at y ¼ 0 with k ¼ 0 for the stationary plate and k ¼ 1
for the upward motion of the plate at y ¼ 0.
It is assumed that the fluid is an optically thick (photon
mean free path is very small) gray gas (which emits and
absorbs but does not scatter thermal radiation). In an optically
thick medium the radiation penetration length is small com-
pared to the characteristic length. The photon mean path is
the average distance travelled by a moving photon between
successive collisions which modify its direction or energy or
other particle properties. Using the Rosseland approximation
[20] for radiation in an optically thick fluid the radiative heat
flux is simplified to
qr ¼ 
4r
3k
@T4
@y
; ð6Þ
where rð¼ 5:67 108 W=m2 K4Þ is the Stefan–Boltzman
constant and kðm1Þ the Rosseland mean absorption coeffi-
cient. We assume that the temperature difference within the
flow is sufficiently small such that the term T4 may be
expressed as a linear function of temperature. This is done
by expanding T4 in a Taylor series about the temperature Th
as follows:T4 ¼ T4h þ 3T3hðT ThÞ þ 6T2hðT ThÞ2 þ    ð7Þ
Neglecting higher-order terms in Eq. (7) beyond the first
order in ðT ThÞ, we get
T4  4T3hT 3T4h: ð8Þ
On the use of Eqs. (6) and (8), Eq. (2) becomes
@T
@t
¼ 1ðqcpÞnf
knf þ 16r
T31
3k
 
@2T
@y2
: ð9Þ
Introducing non-dimensional variables
g ¼ y
h
; s ¼ mft
h2
; u1 ¼ u
u0
; h
¼ T Th
T0  Th ðfor PSTÞ; h ¼
kfðT ThÞ
qwh
ðfor PHFÞ; ð10Þ
Eqs. (1) and (9) become
@u1
@s
¼ a1 @
2u1
@g2
þ Gra2h; ð11Þ
@h
@s
¼ a4 @
2h
@g2
; ð12Þ
where
x1¼ 1/ð Þþ/ qsqf
  
; x2¼ 1/ð Þþ/ðqbÞsðqbÞf
" #
;
x3¼ 1/ð Þþ/
ðqcpÞs
ðqcpÞf
" #
; x4¼ knf
kf
¼ ksþ2kf2/ðkfksÞ
ksþ2kfþ/ðkfksÞ
 
;
a1¼ 1ð1/Þ2:5x1
; a2¼ x2
x1
; a4¼ 1
x3Pr
ðx4þNrÞ ð13Þ
and Nr ¼ 16rT31
3kk the radiation parameter, Pr ¼ qmcpk the Prandtl
number, Gr ¼ gðqbÞfðTThÞh2
u0mf
the thermal Grashof number (for
PST), Gr ¼ gðqbÞfqwh
3
u0kfmf
the thermal Grashof number (for PHF).
The corresponding initial and boundary conditions are
s¼ 0 : u1¼ 0; h¼ 0 for all 0< g< 1;
s> 0 : u1¼ k; h¼ 1 ðPSTÞ; @h
@g
¼ 1
x4
ðPHFÞ at g¼ 0; ð14Þ
s> 0 : u1¼ 0; h¼ 0 at g¼ 1:
On the use of Laplace transformation, Eqs. (11) and (12)
become
su1 ¼ a1 @
2u1
@g2
þ Gra2h; ð15Þ
sh ¼ a4 @
2h
@g2
; ð16Þ
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u1ðg; sÞ ¼
Z 1
0
u1ðg; sÞessds;
hðg; sÞ ¼
Z 1
0
hðg; sÞessds: ð17Þ
The corresponding boundary conditions for u1 and h are
u1 ¼ k
s
; h ¼ 1
s
ðPSTÞ; @
h
@g
¼  1
x4
 1
s
ðPHFÞ at g ¼ 0;
u1 ¼ 0; h ¼ 0 at g ¼ 1: ð18Þ2.1. Solution for prescribed surface temperature (PST)
Solutions of Eqs. (15) and (16) subject to the boundary condi-
tions (18) can be easily obtained and are given by
hðg;sÞ¼ 1
s
X1
n¼0
ea
ﬃﬃﬃ
as
p
g eb
ﬃﬃﬃ
as
p
g
h i
; ð19Þ
u1ðg;sÞ¼ k
s
X1
n¼0
ea
ﬃﬃﬃ
bs
p
geb
ﬃﬃﬃ
bs
p
g
h i
þ Gra2ða1a1Þs2
X1
n¼0
ea
ﬃﬃﬃ
bs
p
g eb
ﬃﬃﬃ
bs
p
g ea
ﬃﬃﬃ
as
p
gþ eb
ﬃﬃﬃ
as
p
g
h i
; ð20Þ
where
a ¼ 2nþ g; b ¼ 2nþ 2 g; a ¼ 1
a4
; b ¼ 1
a1
: ð21Þ
The inverse Laplace transforms of Eqs. (19) and (20) yield
the solution for the temperature and velocity fields as
hðg;sÞ¼
X1
n¼0
½f1ða
ﬃﬃﬃ
a
p
;sÞ f1ðb
ﬃﬃﬃ
a
p
;sÞ; ð22Þ
u1ðg;sÞ¼ k
X1
n¼0
½f1ða
ﬃﬃﬃ
b
p
;sÞ f1ðb
ﬃﬃﬃ
b
p
;sÞ
þ Gra2ða1a1Þ
X1
n¼0
f2ða
ﬃﬃﬃ
b
p
;sÞ f2ðb
ﬃﬃﬃ
b
p
;sÞ f2ða
ﬃﬃﬃ
a
p
;sÞþ f2ðb
ﬃﬃﬃ
a
p
;sÞ
h i
; ð23Þ
where
f1ðn; sÞ ¼ erfc
n
2
ﬃﬃ
s
p
 
;
f2ðn; sÞ ¼ sþ
1
2
n2
 
erfc
n
2
ﬃﬃ
s
p
 

ﬃﬃﬃ
s
p
r
ne
n2
4s ð24Þ
and erfcðÞ being the complementary error function. Expres-
sions (22) and (23) represent the temperature and velocity of
nanofluid for the boundary condition, namely the Prescribed
Surface Temperature (PST) case. In absence of nanoparticles
(/ ¼ 0), Eqs. (22) and (23) are identical with Eqs. (25) and
(26) obtained by Das et al. [21].
2.2. Solution for prescribed heat flux (PHF)
Solutions of Eqs. (15) and (16) subject to the boundary condi-
tions (18) can be easily obtained and are given byhðg;sÞ¼ 1
s
3
2
X1
n¼0
ea
ﬃﬃﬃ
as
p
geb
ﬃﬃﬃ
as
p
g
h i
; ð25Þ
u1ðg;sÞ¼ k
s
X1
n¼0
ea
ﬃﬃﬃ
bs
p
g eb
ﬃﬃﬃ
bs
p
g
h i
þ Gra2
ða1a1Þs52
X1
n¼0
X1
m¼0
ð1Þm ec1
ﬃ
s
p
gec2
ﬃ
s
p
g ec3
ﬃ
s
p
gþ ec4
ﬃ
s
p
g
 "
ðea
ﬃﬃﬃ
as
p
geb
ﬃﬃﬃ
as
p
gÞ
i
; ð26Þ
where
c1 ¼ 2m
ﬃﬃﬃ
a
p þ ð2nþ gÞ
ﬃﬃﬃ
b
p
; c2 ¼ ð2mþ 2Þ
ﬃﬃﬃ
a
p þ ð2nþ gÞ
ﬃﬃﬃ
b
p
;
c3 ¼ 2m
ﬃﬃﬃ
a
p þ ð2nþ 2 gÞ
ﬃﬃﬃ
b
p
;
c4 ¼ ð2mþ 2Þ
ﬃﬃﬃ
a
p þ ð2nþ 2 gÞ
ﬃﬃﬃ
b
p
;  ¼ x4
ﬃﬃﬃ
a
p ð27Þ
and a; b; a and b given by (21).
The inverse Laplace transforms of Eqs. (25) and (26) give
the solution for the temperature and velocity fields as
hðg;sÞ¼ 1

X1
n¼0
½f3ða
ﬃﬃﬃ
a
p
;sÞ f3ðb
ﬃﬃﬃ
a
p
;sÞ; ð28Þ
u1ðg;sÞ¼ k
X1
n¼0
½f1ða
ﬃﬃﬃ
b
p
;sÞ f1ðb
ﬃﬃﬃ
b
p
;sÞ
þ Gra2
ða1a1Þ
X1
n¼0
X1
m¼0
ð1Þmff4ðc1;sÞ f4ðc2;sÞ f4ðc3;sÞþ f4ðc4;sÞg
"
ff4ða
ﬃﬃﬃ
a
p
;sÞ f4ðb
ﬃﬃﬃ
a
p Þg	; ð29Þ
where
f3ðn; sÞ ¼ 2
ﬃﬃﬃ
s
p
r
e
n2
4s  nerfc n
2
ﬃﬃ
s
p
 
;
f4ðn; sÞ ¼
1
3
ﬃﬃﬃ
s
p
r
ð4sþ n2Þen
2
4s  n sþ 1
2
n2
 
erfc
n
2
ﬃﬃ
s
p
 
ð30Þ
and f1 is given by (24). Expressions (28) and (29) represent the
temperature and velocity of nanofluid for the boundary condi-
tion, namely the prescribed heat flux (PHF) case.3. Results and discussion
In order to have a clear insight into the physics of the problem,
the numerical results are illustrated with the help of graphical
illustrations. The non-dimensional fluid velocity u1, the fluid
temperature h, the rate of heat transfer and shear stresses at
the channel plates for several values of Grashof number Gr,
radiation parameter Nr, volume fraction / of nanoparticles
and time s are presented in Figs. 2–8. The value of the Prandtl
number for the base fluid is kept as Pr ¼ 6:2 (at the room tem-
perature) and the effect of volume fraction of nanoparticles is
investigated in the range of 0 6 / 6 0:2. The case / ¼ 0 gives
the regular fluid. The volume fraction of nanoparticles in the
base fluid must be chosen carefully to get the most out of a
nanofluid. The default values of the other parameters are men-
tioned in the description of the respective figures.
3.1. Effects of parameters on velocity profiles
Fig. 2(a) and (b) shows that the fluid velocity u1 enhances when
with an increase in Grashof number Gr for both cases of PST
and PHF when the plate (g ¼ 0) is stationary as well as mov-
ing. The Grashof number represents the effect of free convec-
tion currents. Physically, Gr > 0 means heating of the fluid of
Transient natural convection in a vertical channel filled with nanofluids 257cooling of the bounding surfaces, Gr < 0 means cooling of the
fluid of heating of the bounding surfaces and Gr ¼ 0 represents
the absence of free convection current. Increasing the value of
Grashof number Gr leads to induce more flow and hence the
fluid velocity accelerates. This signifies that the free convection
plays an important role in the nanofluid flow. Fig. 3(a) and (b)
reveals that the fluid velocity u1 increases with an increase in
radiation parameter Nr for both PST and PHF cases when
the plate is stationary/moving. The thermal radiation has an
inhibiting effect on the velocity profiles which is supported
by the phenomena that thermal radiation warms the fluid
and consequently enhances the fluid velocity. Fig. 4(a) and
(b) depicts the effect of volume fraction of nanoparticle / on
the fluid velocity. The fluid velocity u1 decelerates as / enlarges
for both cases of PST and PHF when the plate is stationary/
moving. The higher volume fraction of nanoparticles causes
an increase in the viscous force of nanofluids and hence slow
down the fluid flow. Fig. 5(a) and (b) describes the transient
effect on the fluid velocity. The fluid velocity u1 accelerates
as time s progresses for both cases of PST and PHF when
the plate is stationary/moving. It is observed from Figs. 2–5
that the fluid velocity is greater in the case of PST than in case
of PHF.
3.2. Effects of parameters on temperature profiles
It is observed from Fig. 6(a) that the temperature h of nano-
fluid increases with an increase in radiation parameter Nr for
Cu-water nanofluid in both PST and PHF cases. Since diver-
gence of the radiative heat flux @qr
@y
increases, k decreases which
in turn causes to increase the rate of radiative heat transfer to
the fluid and hence the fluid temperature increases. This
enables the nanofluid to release the heat energy from the flow
region and causes the system to cool. In view of this explana-
tion, the effect of radiation becomes more significant as
Nr! 0 (Nr– 0) and can be neglected when Nr!1. These
figures illustrate this agreement with the physical behavior.
Fig. 6(b) displays the effect of volume fraction / of nanopar-
ticles on the temperature profiles. The temperature h of nano-
fluid increases for PST case while it decreases for PHF case0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
η
u 1
Stationary plate
Cu−water
PST
PHF
Gr = 5, 10, 15, 20
Figure 2 Velocity profiles for different Gwhen volume fraction / of nanoparticles enlarges. This agrees
with the physical behavior of nanoparticles. This observation
shows that the use of nanofluids is significant in the cooling
and heating processes. Fig. 6(c) reveals that the fluid tempera-
ture h increases when time s progresses in the PST and PHF
cases. Fig. 6(d) presents the steady-state phenomenon of tem-
perature profiles. It is noted that the steady-state reaches faster
in the case of PST than in the case of PHF. Further, it is
noticed that the temperature of a nanofluid is downgraded sig-
nificantly as compared to the base fluid.
3.3. Effects of parameters on rate of heat transfer
For engineering purposes, one is usually interested to evaluate
the rate of heat transfer at the channel plates.
3.3.1. The rate of heat transfer for PST
The rate of heat transfer at the channel plates g ¼ 0 and g ¼ 1
is, respectively given by
h0ð0; sÞ ¼ @h
@g
 
g¼0
¼ 
ﬃﬃﬃﬃﬃ
a
ps
r X1
n¼0
e
an2
s þ eaðnþ1Þ
2
s
 
; ð31Þ
h0ð1; sÞ ¼ @h
@g
 
g¼1
¼ 2
ﬃﬃﬃﬃﬃ
a
ps
r X1
n¼0
e
að2nþ1Þ2
4s : ð32Þ3.3.2. The rate of heat transfer for PHF
The rate of heat transfer at the channel plates g ¼ 0 and g ¼ 1
is respectively given by
h0ð0;sÞ¼ @h
@g
 
g¼0
¼
ﬃﬃﬃ
a
p

X1
n¼0
erfc n
ﬃﬃﬃ
a
s
r 
þ erfc ðnþ1Þ
ﬃﬃﬃ
a
s
r
  
; ð33Þ
h0ð1;sÞ¼ @h
@g
 
g¼1
¼2 ﬃﬃﬃap X1
n¼0
erfc ð2nþ1Þ
ﬃﬃﬃ
a
s
r
 
: ð34Þ
Numerical results of the rate of heat transfer h0ð0; sÞ at the
plate g ¼ 0 are presented in Figs. 7a–7e for several values of
radiation parameter Nr, volume fraction parameter / and time
s. Figs. 7a and 7c present the variations of the rate of heat
transfer h0ð0; sÞ for three types of water-based nanofluidsη
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r when / ¼ 0:1; Nr ¼ 0:5 and s ¼ 0:5.
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Figure 4 Velocity profiles for different / when Nr ¼ 0:5; Gr ¼ 5 and s ¼ 0:5.
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258 S. Das et al.Cu-water, Al2O3-water and TiO2-water for both cases of PST
and PHF. The Cu-water nanofluid exhibits minimum heat
transfer rate at the plate g ¼ 0 as shown in Fig. 7a whereas
Fig. 7c shows that the Cu-water nanofluid has maximum heat
transfer rate at the plate g ¼ 1 as compared to TiO2-water and
Al2O3-water nanofluids for both cases of PST and PHF. The
rate of heat transfer h0ð0; sÞ is more for the prescribed surface
temperature (PST) than that of the prescribed heat flux (PHF).
The rate of heat transfer h0ð0; sÞ reduces whereas h0ð1; sÞ
enhances when / enlarges for both cases of PST and PHF.
Fig. 7b shows that the rate of heat transfer h0ð0; sÞ decreases
with an increase in either radiation parameter R or time s for
PST and Cu-water nanofluid. This is true because the fluid
temperature increases by increasing the Rosseland approxima-
tion which leads to a decline in the heat transfer rate at theplate. Fig. 7a illustrates that for the fixed value of /, the rate
of heat transfer h0ð1; sÞ decreases for PST and it increases
for PHF with an increase in radiation parameter Nr. It is seen
from Fig. 7e that the rate of heat transfer h0ð1; sÞ increases as
time progresses.
3.4. Effects of parameters on shear stresses at the plates
For the engineering purposes, the shear stress (or skin friction)
is important characteristic. The increased shear stress is gener-
ally a disadvantage in the technical applications.
3.4.1. Shear stresses at the plates for PST
The non-dimensional shear stresses at the plate g ¼ 0 due to
the flow are respectively given by
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3.4.2. Shear stresses at the plates for PHF
The non-dimensional shear stresses at the plate g ¼ 0 due to
the flow are respectively given by
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Numerical values of the non-dimensional shear stresses at
the plates g ¼ 0 and g ¼ 1 are presented in Figs. 8a–8c for
three types of water-based nanofluids namely Cu-water,
Al2O3-water and TiO2-water for both cases of PST and PHF
and stationary/moving plate when Gr ¼ 5; Nr ¼ 0:5 and
s ¼ 0:5. Fig. 8a reveals that the Cu-water nanofluid has maxi-
mum shear stress sx0 at the plate g ¼ 0 as compared to Al2O3-
water and TiO2-water nanofluids for both PST and PHF cases
when the plate is stationary. Fig. 8b shows that the Cu-water
nanofluid has maximum shear stress sx0 at the plate g ¼ 0
for PST and it has minimum shear stress sx0 at the plate
g ¼ 0 for PHF as compared to Al2O3-water and TiO2-water
nanofluids when the plate is moving. Fig. 8c shows that the
Cu-water nanofluid has minimum shear stress sx1 at the plate
g ¼ 1 for PST and it has maximum shear stress sx1 for PHF
as compared to Al2O3-water and TiO2-water nanofluids.
4. Conclusion
The purpose of this study was to obtain exact solutions for the
unsteady natural convection flow of an incompressible viscous
nanofluids in a vertical channel. Rosseland approximation is
used to describe the radiative heat flux in the energy equation.
The expressions for the velocity and the temperature have been
obtained in closed form with the help of the Laplace transform
technique. The effects of the pertinent parameters such as the
radiation parameter, buoyancy forces, volume fraction param-
eter and time on the velocity and temperature fields, rate of
heat transfer have been determined. The study reveals that
262 S. Das et al. The fluid velocity increases with an increase in Grashof
number and an increase in time leads to increase the fluid
velocity and temperature for both cases of PST and PHF.
 The fluid velocity and temperature decrease as volume frac-
tion of nanoparticles enlarges for both cases of PST and
PHF.
 The fluid velocity in the case of PST is higher than that in
the case of PHF.
 The study reveals that the thermal radiation has significant
influence on fluid velocity and temperature.
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